MATH1013 Calculus | Problem Set 4
L02, L10 (Fall 2025)

Solution to Problem Set 4

1. (a)

1 _ 1 . 2
flx) = NCET LTS [(2x)(2x +3) + (x* +5)(2)]

3 3x24+3x+5
\/(xz +5)(2x + 3)

(b) Notingthat g(x) = Vex®*! + e°x, we have

1 e(e +1)x® +e®
g'(x) = ———=="[e(e + Dx° +e°] = %
2Vexe+l 4+ eex 2 /x(exe + e®)

(c)

1 1 _ 1
R (x) = (cosVx) -ﬁ+2 .Cosx-(—smx) +m' (cosVx) -

cosvx  sinx cosvx

- +
2vVx  2Jcosx  4/xsinvx

1
2Vx

(d) By product rule, we have
p'(x) = [(3°°5* In 3)(— sin x)](e*~5"(x*)) 4 (3¢0s%) (ex‘s“‘("z)(l — cos(x?) - 2x))
= (3¢0sxexsin(x*))[—(In 3) sin x] + (35 ¥e*~5n(**))[1 — 2x cos(x2)]

= 3cosxpx=sin(x*)[1 — (In3) sinx — 2x cos(x2)].

Alternative solution: Noting that

p(x) = e(n3)cosx gx—sin(x?) — ,(n3) cosx+x-sin(x?)
we have by chain rule
p'(x) = en® cosxra=sin(x*)[(1n 3)(— sinx) + 1 — cos(x?) - 2x]

= 3cosxpx=sin(x*)[1 — (In 3) sin x — 2x cos(x?)].

2. From the definition of e, we have

e —1
lim =1.
h—-0
With the change of variable h = In(1 + x), we have
1=1 (1+x)—1_1_ X
= In(1+x) 0 In(1 + x)’
Therefore
S In(1+x) 1
im————=—-=1.
x—0 X 1
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3. (a) Applying the change of variable t = 2x, we have

x+1 £+1

1
_ 1 _ 1\2 _ 1\']? 1
lim (1 + —) = lim <1 + —) = lim (1 + —) (1 + —)
X—+00 2x X—+00 t xX—+00 t t

= e%(1 +0) =+e.

(b) Applying the change of variable t = cotx, we have both

1\t 1In¢
lim (1 + tanx)°** = lim (1 + —) =e and lim (1 + tan x)°** = lim (1 + —) =e,
x—-0t t—>+o00 t x-0" to—oo t
so
lim(1 + tan x)°t* = e,
x—0
(c) Since
2 3xx+2 L2 3+%
3 2\ 3x +2\* 3x + 2\3x+2 3x + 2\3x+2
(+3+) =(+=2) =|0+==) ] |0+
x  x? x2 x2 x2
we have
x2
3 2)F 2 3x + 2\3x+2
lim ln(l +—+—2) = lim (3 +—)1n(1 + 2 ) — (3+0)Ine=3
X—+00 X X xX—+00 X X

and since the exponential function is continuous, we have

3 2y* 3,2y
lim (1 +—+—2) = lim eln(1+x+x2) = e3.
X x

X—+00 X—+00

2-3x-2

(d) Consider the change of variable t = ad Then x =t+ 2+ x4T1' so we have

4
t 2+

x2—2x—3x_(1+ x—1 )x_<1+1) (1+ x—1 )ﬁ
x2—-3x—-2) x2—-3x—-2) t x2—3x—-2 '

Now since
4
im (14— ) T L i (24—t V(1 =2 ) o 2404 0) =0
*rro n( +x2—3x—2) —qu11100< +x—1) n( +x2—3x—2>_( +0)In(1+0) =

and since the exponential function is continuous, we have
24—

x—1 x—1 x—1 x-1
lim (1 + —) = lim eln(1+x2—3x—2) =eY% =1.
X—>+00 x2—3x—2 X400

Therefore

i x2 —2x —3\" i (1 1t1_ . x—1 X1 .
xrbeo x2—3x—2 _t—l>r+noo( +?) x—l»rpoo< +x2—3x—2) cel=e
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4. (a) Iftheinterestis compounded 4 times per year, then the total amount after t yearsis
r 4t
A = 4, (1 + —)
4
If the interest is compounded 12 times per year, then the total amount after ¢ years is
12t

A = A, (1 + ;—2)

(b) In general, if the interest is compounded n times per year, then the total amount after t years is
nt

A = 4, (1 + %)

Therefore, if the interest is compounded continuously, then the total amount after t yearsis

rt

= Aoert.

rt n

lim (1 + %)F

n—-+oo

n
n
(1 +;)r

Specifically if A, = 10000 and r = 0.06, then the total amount $A after t = 10 years is given by

nt

T
A(®) = lim 4, (1 +;) = A, lim

n—-+oo n—-+oo

=A0

A= Aye™ =10000e00010) ~ 18221.19.

5.
d inh _dex—e‘x_l[x ( _x)]_ex+e"‘_ h
dxsm x_dx 5 =5 e e = 5 = coshx
d h _dex+e‘x_1[x+( _x)]_ex—e"‘_.h
dxcos x_dx 5 =5 e e = 5 = sinh x
d . . d
d sinhx (asmhx) (coshx) — (sinh x) (acoshx)
—tanhx = — =
dx anhx dx cosh x cosh? x
eX 4+ e™\? eX — e7*\?
(cosh x)(cosh x) — (sinh x)(sinh x) < 2 ) _< 2 ) 5
= = = = sech®x
cosh? x cosh? x cosh? x
dth—dl— 1(dth>— 1(h2)— h2
dxco x_dxtanhx_ tanh? x \dx anhx )= tanh? x sechix) = —osdix
D echx=t L 1<d h)— (sinhx) = — sech x tanh
dxseC x_dxcoshx_ cosh? x \dx coshx )= cosh? x sihix) = —secixtanhx
d d 1 1 d
acschx = rsnhx - sinh?x (a sinh x) = " Snhix (coshx) = —csch x cothx
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6. (a) If PQ =1013,then Q =22 so

P 7
dQ_ 1013
dP ~ P2
Therefore
E _PdQ_ P 1013 )
«=gap = a0 (" pr) =1
%)

Alternative solution: Differentiating both sides of the equation PQ = 1013 with respect to P, we have

dqQ
Q+P—_5=0.

This implies that PZ—g = —(Q,and so

_bdo_ Q__
Ed—aﬁ— 7" 1.

(b) If Q =1013¢7F,then 22 =1013(—e~") = —=1013¢~". Thus

g, =L _ (=1013e~P) = —P
4= 04dP ~ 1013e-" €)==

(c) If Q =1013 — P%, then L = —qP% 1, Thus
dpP

PdQ P —aP?® a

=——_——Pa’_1= = .
a=gap " 1013 =pa ") T To13=pa ~1T-1013P <

7. Since f iscontinuousat 0, we have lir%f(x) = f(0). Now
X—
f(O)=be®—-0=0b
: — i X __ — 0 _ —
le%L flx) = xlir(r)l+(be x)=be?—0=0b
So we must also require that lirgl_ f(x) =b.
X—

We claim that this requirement implies that a = 1. Thisis because if a # 1, then

sin2x +sinx _ sin(2-0) +sin0 0

Jim f() = lim, eX—a e —a 1—a=0¢b'
Therefore indeed a = 1.
Now since a = 1, we have
y I sin2x + sinx I (sin 2x + sinx x )
er(r)l_f(x) - xlgl_ ex—1 N XLI(?_ X eXx—1

I [<2 sin 2x+sinx) x ]
s 2x x e*—1

2-14+41)-1=3.

Therefore b = 3.
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8. Since the right-hand derivative

fx)—r£(0) ~ sin2xcos2x —1
m—=lim — =

f0) = xlio- x X0~ x =t
is not a finite real number, it follows that f'(0) does not exist.
Alternative solution: Since
g [0 = Ji o™ =1
but
,}l,r(r]l— fx) = xli)rgl_ sin 2x cos 2x = 0,
it follows that f is not continuous at 0 andso f'(0) cannot exist.
9. (i)
di.(s
(st real|
3 _ 3 1 3 _
=2[f (Y9®) rm]-|f (Y9@) — g0 f@+f(V900)- @)
- 3 g\x 3 x=0
3 _ 3 1 3 _
=2[f (Ya@) r©)]- |1 (Y9®) o~ g fO+f(Yg@)- £
i 3[g9(0)]3 ]
3 3 1 3
=) A D@20
3(1)3
=2[f()-2]-[f(1) - (=]
=2(3-2)-[3-(-4)] = —144
(ii)
d g(f@P +1)
dx  f(f) | __,
_ 9T+ DRf)f' ()] Sf(F) = g([fF P + 1) - f'(f () ()
eI’

_ g EDP + DRFEDFIED]FFED) - g EDP + D - f(FED)F (=D
[Fro)°
_g@+DRO@]-fM) - g2 +1) - fAf'(=1)
[F (D2

_g@LO@-fW) -9@ - fFAOf'D
[F (D]

_ (=5)[2(1)(2)]-3-4-(-3)(2) _
32 B

—4
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1 dy

10. Differentiating both sides of the equation of the curve, we have F + Tax =0,so
dy _ y
dx Vx

Now except for the two end points (0,a) and (a,0), each point on the curve has coordinates (t, (\/E — \/f)z)

for some t € (0,a). The slope of the tangent line to the curve at this point is given by

Va-VE_ _+a

(et Nt VT

The equation of the tangent line to the curve at this point is therefore

dy
dx

y—(\/a—\/f)2=<1—\/—\/§)(x—t).

i.e.
=+/a.
\/— \/_ Ve
The y-intercept of the tangent is va(va — vt), while the x-intercept of the tangent is vat. Therefore the sum
of intercepts is Vat +Va(va —Vt) = a. .

11. (a) Differentiating both sides with respect to x, we have
dy dy dy
2 —_— Yy — =J]—gj 2 —_—
(D) + x) (Zy dx) +e Ix [—sin(x + y2)] <1 + 2y dx)

d
[2xy + e¥ + 2y sin(x + y?)] % = —y? —sin(x + y?)

dy y? + sin(x + y?)
dx ~ 2xy+eY +2ysin(x + y2)’

(b) Differentiating both sides with respect to x, we have

dy 1 dy
2X+2y§—7_yza—

dy 2x o 2xy1—y?
dx ;2_2}, 1-2yJ1—y%

1-y

Alternative solution: The given equation can be rewritten as y = sin(x? + y?2). Differentiating both sides

with respect to x, we have

dy 2x cos(x? + y?)

d—y=cos(x2 +y?) (2x+2yd—y) ie. —=
dx dx/’ T odx  1-2ycos(x%+y2)
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(c) Differentiating both sides with respect to x, we have

1 dy 1 xg_y_
X
2x2+y2<x+2yE>+ V\? x? =0
1+(2)
X
1 dy y
x2+y2< +ya+xd__ >_
dy y—x
dx y+x

12. (a) Forevery x € R, we have
f'(x) = (2*In2)(xsinx + cosx) + (2*)[(sinx + x cos x) + (—sin x)]

= 2*[(In2)x sinx + (In 2) cos x + x cos x].

(i) For every x € R, we have both 1+ x+x? >0 and 1 —x + 2x? > 0 (why?). Taking natural logarithm on
both sides, we have

14 x+x?

1 1
7T == 2y _ _ 2
1—x+2x2> 2ln(1+x+x) 2ln(l x + 2x°).

1
Inf(x) = Eln(

Now differentiating both sides with respect to x, we get

]]fc’((;c))=;( 1+ 2x )_1( -1+ 4x )

1+x+x2 2\1 —x + 2x2

Therefore

fiea =5t E <1 -1|--J'C_ -Zl-xxz) B %(1 :1x-:-42xx2)]

1 1+x+x2< 1+ 2x N 1—4x )
201 —x+2x2\14+x+x2 1—x+2x2)

(iii) If x € 2nm, (2n + 1)) for some non-negative integer n, then we have x >0, sinx >0 and e™* < 1.

Taking natural logarithm on both sides, we have

1 1 1 1
Inf(x) = Eln[(x sinx)V1 — e‘x| = zlnx + Elnsinx +Zln(1 —e ™).

Differentiating both sides with respect to x, we get

f’(x)_1+ 1 N 1 (_x)_1+1 x4 e™™
F)  2x 2sinx X T i —e ) T T2 Tt —exy

Therefore

1 1 e™™
f'(x) = f(x) [Z+Ecotx+—4(1 —e"‘)]

e—x

1 1
= \/(xsinx)vl —e™* [E+Ecotx+m .
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(iv) Forevery x > 1, we have Inx > 0. Taking natural logarithm on both sides, we have

l _ 1 Inl _ Inlnx
nf(x)—m nlnx =——-.
Differentiating both sides with respect to x, we get
11 1
f'x) (mg) (Inx) — (Inlnx) (}) _1—Inlnx
flx) (In x)?2 " x(lnx)? ’
Therefore
‘@) ( )1—1nlnx a )]L_Zl—lnlnx
= _— nx e
f'(x)=f(x *(nx)? nx . .

13. (a) f(x) = e’ is a constant function, so f'(x) =0 forevery x € R.

(b) According to “power rule”, for every x > 0 we have

fl(x) = eexe L,

(c) Forevery x > 0, we have

e d e e
f’(x) — (ex )(axe) — (ex )(exe—l) = X t1lye-1

(d) Forevery x € R, we have

X d X X
f'(x) = (e® )(ae") = (&) (e*) = e ¥,

(v) Forevery x > 0, taking natural logarithm on both sides, we have
Inf(x) =x°Inx.
Differentiating both sides with respect to x, we get
"(x 1
[ = (ex* H(Inx) + (x°) (—) =x°"1(1 + elnx).
f(x) x

Therefore

1) = f)[xe (1 + elnx)] = x**+¢1(1 + elnx).

(vi) Forevery x > 0, taking natural logarithm on both sides, we have
Inf(x) =e*Inx.

Differentiating both sides with respect to x, we get

f'(x)

o (e*)(Inx) + (e¥) (%) =e” (lnx -'é)

Therefore
f'(x)=f(x) [e" (lnx + %)] =x"e* (lnx + %)
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To prepare for (g) and (h) we let g(x) = x* and first compute g'(x) (cf. Example 3.49). For every x > 0, taking
natural logarithm on both sides, we have

Ing(x) =xInx.
Differentiating both sides with respect to x, we get

g' ()

=) ! =1 1
g(x)—()(nx)+(x)<;>—nx+ .
Therefore

g x)=g0)(Inx +1) =x*(Inx + 1).

(vii) For every x > 0, we have

X d X
f'x) = (ex )(ax’c) =e* x*(lnx + 1).

(viii)For every x > 0, taking natural logarithm on both sides, we have
Inf(x) =x*Inx.
Differentiating both sides with respect to x, we get
f)

Therefore

(%x") (Inx) + (x®) (%) = (x"(lnx + 1))(ln x) + (x*) (%) =x* [(ln x)? +Inx +% .

fl(x) = f(x)x* [(lnx)2 +Inx + l] = xXx [(lnx)2 +Inx + 1]
x x

14. (a) Forevery x € R\ {(n + i) m:n € Z}, we have sinx € (—1,1). So

s 1 1 (cosx)(1 —sinx) — (1 + sinx)(— cos x)
f(x)_f' 1+sinx (1 — sinx)?
1—sinx
2cosx cos x cosx
= secx.

- 2(1 4+ sinx)(1 — sin x) “1—sinfx cos’x

(b) For each of those x € R such that cosx > 0, we have

, _ 1 2 N secx+tanx_
f'(x) = —— (secxtanx + sec® x) = (secx) ———— = secx.
secx + tanx secx + tanx

(c) Foreach of those x € R such that cosx > 0, we have

fe0 =;(Esec2 (E+E)) = !
tan(%+%) 2 2 4 Zsin(%+%>cos(%+%)
= ! = ! = ! = secXx.

sin (2 (32—6 + %)) sin (x + %) COS X
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15. (i) Forevery x ER,let y =arctanx. Then y € (—%,g) and x =tany, so

dx
dy—sec y.
Therefore
dy 111
dx secy 1+tan?y 1+x2

(i) Forevery x € (—oo,—1) U (1,+), let y = arcsecx. Then x = secy, so

dx .

— =secytany.

dy ytany
We consider the following two cases.

© If x € (1,+),then y € (O,g). Thus tany > 0 and so
dy 1 1 1
dx ~ secytany secy/sec2y — 1 T —1
© If x €(—o0,—1),then y € (g,n). Thus tany < 0 and so
dy 1 1 1

dx ~ secytany secy (—/sec2y — 1) T -1

Combining the two cases, we have

dy 1
— = forevery x € (—o,—1) U (1, +0).
dx |x|Vxz -1

16. (i)

d
pl (DN COICD RN CO)

x=0

@@l @) - @) @ [ )
x=0 [ ()

_d @)'®
dx f'(f ()

1 ’ -1 _ n-1 " -1 . 1
[g,,((g,)_l(x))]f(f ) - (g) (x)[f (f1(x) f—,(f_l(x))]
[F'(F1@)]*

) @O (@) ) (M 3 (=2)(9)
_9"((g") (@) @ g2 F® =g 3 _1
[f'(f—l(()))]2 (V]2 32 3

Page 10 of 15



MATH1013 Calculus | Problem Set 4
L02, L10 (Fall 2025)

(ii)

d i
—(@ (W)

x==2

= U@ =@ (670 W) Y (W) @)
! : 1 _ 1
(o0 (g2 (2 2)) 9 (970 2) f(F1(-2)
1 1 1 1 1 |

(g @) 97 @) FO (@) 93 O

1 1 1

. . 11 1
'@ g3 1) 9 -2

72

1_
7=

17. (a) We observe that
f'(x)=3e3*,  f"(x)=3%%, f"(x)=3%%
and so on. Inductively, we have

f®(x) = 3ne3,

(b) We observe that
g =x1  g'@=Dx?  g"@=CEDEDE, W) = (D(=2) (-3
and so on. Inductively, we have
g (x) = (=1)(=2) - (—n+ Dx ™™

Using factorial notation, we can write

D" (n-1)!
m = —(
g (x) = P :
(c) We observe that
h'(x) = acosax, h'(x) = —a?sinax, h'"(x) = —a®cosax, h™®(x) = a*sinax
and so on. Inductively, we have
a™ cos ax if n = 4m + 1 for some non-negative integer m
h® (x) = —asinax ifn = 4m + 2 for some non-negative integer m
" )—atcosax ifn = 4m + 3 for some non-negative integer m
a™ sin ax if n = 4m for some non-negative integer m
) nr
= a" sin (ax + 7)
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18. Differentiating both sides with respect to x, we have Ly y+x o 0, so

2y dx dx
3
dy -y  —2y2
dx . 1 oxfy+1
2y

Differentiating once more with respect to x, we get
d 3 1 dy
2y (—3\/§d—§) (2xfy +1) - (—Zyz) <2\/_+ 2x - 2\/_dx>
dx? (2xfy +1)°

d d
(—3\/5%) (2xy + 1) + 4% + 2xy >
(2x/y +1)°

(=34%) (_Zy%) +4y? + 2xy (ﬁ)
(2x/y +1)°
_ 2 (8xfy +5)
(2x/y +1)°

19. By chain rule, the net force acting on the object is given by

d d myv /d myv \dv
F=—(mv)=———==

dv 2/ dt’
-=
Now by quotient rule, we have

’ 2v
i mev (my) |1 — (myv) <2 v2)c C_z)
dv a
0w

Therefore
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20. (a) Given the position x(t) = V3sint + cost of the object, its velocity and its acceleration after t seconds are
respectively given by
v(t) = x'(t) = V3cost —sint and a(t) = v'(t) = —V/3sint — cost.
When t = %, we have

T T T T o T
v(g)—\/§c058—51ng—1 and a(g)— \/gsmg cosa— V3,

so the velocity and the acceleration of the object at t = g are 1 unit per second and —/3 units per second

squared respectively.

(b) Since x(t) = asint + b cost, we have
x'(t) =acost—bsint
forevery t € R. Therefore
[x(®)]? + [x'(t)]? = (asint + bcost)? + (acost — b sint)?

= a?sin’®t + 2absint cost + b? cos?®t + a® cos?>t — 2ab sint cost + b? sin? t

a®(sin? t + cos?t) + b%(sin? t + cos?t)
=a? + b?

for every t € R, which is always constant. [ |

21. (a) (i) Given V = 1000e~ 1%, we have

av d*v
— =1000(—10e7197) and —— =1000(100e~197),
dr dr?
Thus the duration and the convexity are respectively given by
D= 1dV—lO d C—leV—IOO
T Vdr an T Vvdrz ’

which are constant functions of r. When r = 0.06, we stillhave D =10 and C = 100.

1000

(i) Given V = ey e have
av 1000 —-10 q d’v 1000 10-11
dr 1+ntt an drz 1 +mz

Thus the duration and the convexity are respectively given by

1dV 10 1d?V 110
= and =———=——
Vdr?z (1+47r)?

Vdr 147

When r = 0.06, we have D = 9.43 and C = 97.90.
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250 1250

(iii) Given V = RESSERTESITAN have
dV_—5-250+—10-1250 g sz_5-6.250+10‘11-1250
dr  (1+7r)° 1+t an drz = (1+7r)? 1+ r)r2

Thus the duration and the convexity are respectively given by

1dV 1 5(1+71)%+50 1d%V 1 30(1+7)5+550

Vdr 1+4+r (14+41r)5+5 an Vdrz (1+4+1r)? (1+4+r)5+5

When r = 0.06, we have D = 8.44 and C = 82.87.

(b) By product rule and chain rule, we have

dr  dr

- () @)+ (-2 (&)

1 (dV)2 1d%V

dD_ d( 1dV)
Vdr

“vz\ar) " vdar?
_( 1 dv)2 1d*v
"\ var V dr?
=D? - (.
Therefore ¢ = D? — 22, m

dar

22. Let r, A and V be the radius, surface area and volume of the spherical capsule respectively. We have

4
V= §m‘3 and A = 4nr?.

Differentiating both sides of both equalities with respect to time t, we get

dV_4 2dr q dA_8 dr

dc - ar an dac - o ar
When the radiusis 4 cm, it is given that Z—‘t/ = —91; so we have

r=4
o = 4m(42) dr g dA — 8n(4) dr
T =4n atl_, an atl _, =8n acl_,
Therefore & =—2 and & =
dtly=4 64 dtly=4 2

A - . 9 _ . .
So when the radius is 4 cm, the radius is decreasing at a rate of - cms 1 and the surface area is decreasing at

9 _
arate of —m cm? s~
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23. Let the length of OA be [ units. Note that when 0 is given, the coordinates of A are given by (h, k), where
h and k satisfy
k = h? and k = htan®.
These equations imply h =tan8 and k = tan? . Pythagoras’ Theorem then gives the relation
1? = h? + k% = (tan 8)? + (tan? 9)?
= tan? 6 + tan* 6

= tan? 0 sec? 6.

(a) Now let the area of AOBA be S square units. Our first aimis to relate S with 8. We have

1 1
S = E(l cos0)(Isin @) = Elz sin @ cos 6

1 1
=3 (tan? O sec® 0) sin 6 cos O = Etan3 0.

Differentiating both sides with respect to time t, we get

dS 3. oy 2 pd0
dt—zan sec dt

When 6 = g, we have
ds 3 T m({df 3 1
= —tan?=sec?=| — =—(\/3)2(2)2 =)=6
9T
=3

Egzg 2 3 3\ dt 2 3

Therefore the area of AOBA is increasing at a rate of 6 square units per minute.

(b) We have the relation 12 = tan® @ + tan* . Differentiating both sides with respect to time t, we get

dl de dae
2l— =2tan 6 sec? 8 — + 4 tan® O sec?  —
dt dt dt

dl—1(1+2t 20)(tan8)(1 +t Ze)de
dt_l an an an dt.

When [ = /2, we have
(\/5)2 =tan? 6 + tan* 0
tan*0 +tan’6 —2 =0
(tan?0 + 2)(tan?6—-1) =0
(tan?0 + 2)(tan 8 + 1)(tan 8 — 1) = 0.
Since 6 € (0,%), we must have tan8 > 0. So the above equation implies that tanf = 1. Thus,
% " %[1 + 2] +1) (%) - V2

Therefore the length of OA is increasing at a rate of V2 units per minute.
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